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Shanghai Jiao Tong University, 800 Dongchuan Road, SA computationally economic ﬁnite-element-based multi-linear elastic orthotropic materials approach
has been developed to predict the stress–strain and fracture behaviour of ceramic matrix composites
with strain-induced damage. The ﬁnite element analysis utilises a solid element to represent a homoge-
nised orthotropic medium of a heterogeneous uni-directional tow. The non-linear multi-axial stress–
strain behaviour has been discretised to multi-linear elastic curves, which have been implemented by
a user deﬁned subroutine or UMAT in the commercial ﬁnite element package, ABAQUS. The model has
been used to study the performance of two CMC composites: a SiC (Nicalon) ﬁbre/calcium aluminosili-
cate (CAS) matrix 0/90 cross-ply laminate Nicalon/CAS; and, a carbon ﬁbre/carbon matrix–SiC matrix
(C/C–SiC) plain weave laminate DLR-XT. The global stress–strain curves with catastrophic fracture behav-
iour and effects of ﬁbre waviness have been predicted. Comparisons have been made between the pre-
dictions and experimental data for both materials. The predicted results when ﬁbre waviness is taken
into account compare well with the experimental data.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The superior material properties of ceramic matrix composites
(CMCs), e.g. low density and good mechanical and thermal proper-
ties at high temperatures, make them favourable materials for use
in: rocket nozzles; thermal protection systems; and gas turbine en-
gines (Marshall and Cox, 2008). Increased operating temperatures
from 900 to 1200 C for coated metallic superalloys, to above
1300 C, for CMCs, have the potential to achieve higher thermal
efﬁciencies and lower emissions (Evans and Naslain, 1995). The
economic use of CMCs in engineering components and structures,
in such demanding environments at these temperatures, requires
an ability to simulate the material, and the component response
at both the design and manufacturing stages (McGlockton et al.,
2003). To perform optimal design of these engineering compo-
nents, a highly efﬁcient yet computational accurate model is a nec-
essary requirement, due to the complex spatial topology and
interactive damage mechanisms of woven CMCs.
In the last two decades, a great effort has been made to investi-
gate the behaviour of woven composites. A three dimensional
ﬁnite element model of a unit cell (representative volume element)
geometry in a meso-scale is a commonly used approach, in which all rights reserved.
: +44 161 306 4166.
.R. Hayhurst).
cean and Civil Engineering,
hanghai 200240, China.heterogeneous ﬁbre tow is assumed to be homogeneous. The
pioneering work of Zhang and Harding (1990) employed the strain
energyequivalencyprinciple and theﬁnite elementmethod to study
a one-ply plain weave composite, with tow undulation in one
direction only. This work was followed by Dasgupta and Agarwal
(1992),Woo and Whitcomb (1997), Kuhn and Charalambides
(1998), Tan et al. (1999), Ismar et al. (2000), and Sheikh et al.
(2001). A more detailed review can be found in Tan et al. (1997)
and Onal and Adanur (2007). Although these works are capable
of predicting accurate or reasonable results, they are computation-
ally expensive because a large number of elements was required to
capture a precise description of the geometry. Hence it will proba-
bly be computationally prohibitive to use these models to analyse
a macro-scale object, e.g. engineering components and structures.
Constitutive equations have been proposed by Burr et al. (1997)
for CMCs that model matrix cracking, interface debonding, the
associated sliding, ﬁbre failure and ﬁbre pull-out. They analysed
these features within a continuum damage mechanics framework,
using an energy formulation which involved state variables that
relate to micro-mechanisms of fracture/damage. The growth laws
for the 10 independent damage state variables were calibrated
from two tension tests with different laminate ﬁbre orientations.
The material description and the ﬁnite element calculation method
were validated against the results of a pure shear test done on an
Iosipescu testpiece. The paper lacks detail on how the ﬁnite
element, UMAT-based, computations were carried out. No discus-
sion was provided on how the numerical scheme provided stability
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dressed since the predicted stress–strain curves (Fig. 8 of their
paper) stop at the peak stress, and no catastrophic failure was
modelled.
Lubineau and Ladevèze (2008) established a reference model
which embodies the micro-mechanics of intra-laminar composite
behaviour. Their reference model, which incorporates damage me-
chanic on the meso-scale, is used in homogenised form for struc-
tural analysis. The bridge between the reference model and the
ﬁnite element solver ABAQUS was established through an energy
formulation, and a series of damage parameters and associated
evolution laws. Failure was triggered sequentially by a number of
damage variables which introduced non-linearities that are succes-
sively solved with each introducing its own plasticity. Localisation
and mesh dependence are cited as problems that were overcome
using a ‘‘delay effect” formalism for all failure laws. Unfortunately,
the paper does not reveal the details of the plasticity models intro-
duced by the different failure micro-mechanisms; and, of the treat-
ment of the ‘‘delay effect” used to avoid numerical problems
associated with unloading and localisation.
The techniques of both Burr et al. (1997), Lubineau and Ladevèze
(2008) have been developed and validated for uni-directional
straight ﬁbres; and although Burr et al. (1997) consider the applica-
tion of their theory to woven composites, the difﬁculties associated
with woven ﬁbre tow architectures have not been addressed for the
testpieces analysed. Since the investigation to be reported here will
relate to plainweave composites inwhich signiﬁcant unloadingwill
take place, little guidance can be obtained from these two papers on
important numerical stability aspects associated with unloading
due to micro-mechanical damage mechanisms.
In order to tackle practical problems in the design and analysis
of composites, it will be necessary to use computationally efﬁcient
FE techniques. Tanov and Tabiei (2001) predicted the equivalent
material properties of plain weave fabric composites by homogen-
ising an entire unit cell model. Cox et al. (1994) introduced a binary
model, which is composed of two virtual components: a 1-D truss
element and a 3-D solid element. Whilst the binary model has
great simplicity, it does require accurate determination of the
mechanical and thermal properties of the two virtual components.
However, an alternative simpler and more accurate approach of
modelling an orthotropic medium has been adopted here (Zhang
and Hayhurst, 2009).
The present paper addresses the development of a conceptually
simple and computationally economic ﬁnite element technique,
which emphasises the effects of strain-induced damage modes
and their interactions on the mechanical behaviour. Non-linear
material properties are modelled by multi-linear elastic discretisa-
tion. The approach adopted by Tang et al. (2009a) of modelling the
composite using assemblies of tows, i.e. a collection of thousands
of ﬁbres embedded in at least one matrix, has been adopted here.
The tow behaviour is captured in a single orthotropic ﬁnite ele-
ment. This approach has been used to model the multi-axial
stress–strain response, and the degradation of material properties
for 0/90 cross-ply and plain weave composites.
Two classes of ﬁbres and associated matrices are considered
here. They are (a) Nicalon/CAS material (Tang and Hayhurst,
2009) and (b) C/C–SiC DLR-XT material (Tang et al., 2009a). Both
materials have been studied experimentally by Sheikh et al.
(2009). The former material is a cross-ply laminate consisting of
calcium aluminosilicate (CAS) glass ceramic reinforced with SiC
(Nicalon) ﬁbres (Harris et al., 1992). The layout is (0/90)5, where
the subscript, 5 signiﬁes 5 groups of 0/90 plies, with loose plain
woven fabric skins. The latter material is a 10 high laminae plain
weave carbon ﬁbre/amorphous carbon matrix–SiC matrix compos-
ite. Idealised unit cells of the two materials are shown schemati-
cally in Fig. 1.2. Mechanical behaviour of a uni-directional CMC tow
The damage modes and typical mechanical behaviour of a uni-
directional tow subjected to different loading conditions are de-
scribed in this section. The interactions of different damage modes
and their effects on the stress–strain response are introduced.
2.1. Longitudinal stress–strain response
When a uni-directional ﬁbre–reinforced ceramic matrix com-
posite tow undergoes uniform straining along the ﬁbre direction
(Fig. 2a), the typical longitudinal stress–strain response (Fig. 2b;
Hayhurst et al., 1991) can be observed. The four characteristic
stages in the stress–strain curve are now described (Tang et al.,
2009a):
AB: initially, the composite behaves as a virgin, undamaged, lin-
ear elastic material;
BC: periodic matrix cracking occurs (Fig. 2c);
CD: ﬁbre–matrix interface debonding takes place at the matrix
crack tip and its wake (wake debonding in Fig. 2d); and
weaker ﬁbres fail (Fig. 2e);
DE: the majority of ﬁbres fail and are pulled out against the fric-
tional stress along the wake debonding interface (Fig. 2f).
Fig. 2b shows the variation of Poisson’s ratio with longitudinal
strain, which is idealised from the experimental data due to
Karandikar and Chou, 1993) and shown in Fig. 3 for a uni-direc-
tional Nicalon/CAS composite. The uni-axial specimen size was
150 mm in length and 12.5 mm in width. Strains in Fig. 3 were
measured by using strain gauges with 5 mm gauge length and
the saturation spacing of the matrix cracks was of the order of
125 lm. The idealised data has also been corroborated by calcula-
tions performed on ﬁnite element representative volume elements
of CMCs by Tang et al. (2009b). It can be seen from Fig. 2c that ini-
tially, Poisson’s ratio remains constant until point B, where matrix
cracking occurs, then decreases linearly due to ﬁbre matrix wake
debonding, and ﬁnally approaches zero at the peak stress D.
2.2. Transverse stress–strain response
When a uni-directional tow is subjected to transverse extension
(Fig. 4a), the material response is assumed to be linear elastic. The
transverse Young’s modulus, deﬁned in Fig. 4b, and the Poisson’s
ratio, m21 shown in Fig. 4c, are constant until the ﬁbre–matrix deb-
onding and/or matrix cracking (Fig. 4d) take place, at which point
the damage is assumed to be instantaneous and sufﬁcient to cause
complete loss in strength. Therefore, after matrix cracking, the
stress immediately drops to zero.
2.3. Shear stress–strain response
The shear stress–strain response (Fig. 5a), is assumed to have
the same characteristics as the transverse response. Upon loading,
the shear stress increases linearly with the shear strain (Fig. 5b)
until a critical value is reached, when catastrophic shear failure
(Fig. 5c) takes place, and the shear stress immediately drops to
zero. This model has been discussed in detail by Blacklock and
Hayhurst (in press).
2.4. Longitudinal stress–strain response under multi-axial loading
When a uni-directional tow is subjected to two or more uni-
axial loading cases applied simultaneously, e.g. longitudinal, trans-
verse, and shear loading, the effects of transverse tension or shear
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Fig. 1. Schematic drawings of unit cells of: (a) Nicalon/CAS and (b) DLR-XT.
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variety of CMCs experiments (Sheikh et al., 2009) and will be ad-
dressed here.
For a uni-directional tow under longitudinal uni-axial loading,
the material exhibits ductile behaviour, which is demonstrated as
the gentle decreasing stress–strain curve after peak in Fig. 2b and
Fig. 6a (Blacklock and Hayhurst, in press). This is due to the ﬁ-
bre–matrix interface wake debonding that occurs gradually, and
creates a partially intact interface, which allows a failed ﬁbre to
pull out against the frictional stress along the wake debonding
interface. This takes place within individual blocks, where a block
is deﬁned by a single ﬁbre and its associated matrix that is con-
tained between two adjacent matrix cracks. This has been dis-
cussed at length by Tang et al. (2009a). The variation of the
normalised number of wake debonded blocks, N with respect tothe total number of blocks NT in a tow (N/NT), with composite
strain, (e33)1, is shown in Fig. 6a. For a uni-directional tow under
multi-axial loading, a positive transverse stress or a shear stress
advances wake debonding, and also degenerates the partially in-
tact interface to a fully separate gap. Hence the frictional stress re-
duces to zero and the pull-out mechanism is then deactivated.
Even though the pullout mechanism is negated, it cannot ex-
plain the catastrophic ﬁbres failure observed in the experiments
(Sheikh et al., 2009). Another mechanism, dynamic ﬁbre failure
by instantaneous pullout deactivation (Blacklock and Hayhurst, in
press), is thought to be responsible for this brittle failure. The
mechanism postulated is that approximately one half of all blocks
in a tow (N/NT = 0.5, at the strain ewd shown in Fig. 6a) simulta-
neously undergo instantaneous wake debonding and ﬁbre pullout
deactivation. They also argued that by virtue of the way in which a
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Fig. 3. Measured (Karandikar and Chou, 1993) and idealised variation of Poisson’s
ratios with longitudinal strain. Letters A, B and D refer to Fig. 2b.
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slightly less than the peak composite strain, and hence at this point
the ﬁbres are stressed to a high fraction of the average ﬁbre failure
stress. When the mechanism is triggered, a shear stress weave
moves away from the matrix cracks associated with the block; this
in turn induces a tension stress wave in the ﬁbre to maintain equi-
librium. The tension wave moves at a higher velocity than the
shear wave, and the two tension waves meet in the ﬁbre at the cen-
tre of the block, and reﬂect as a wave with twice the amplitude of
the incident wave. This doubling of the tensile stresses in the ﬁbres
therefore cause complete failure of the tow. By using this mecha-
nism, the original curve (Fig. 6b), which corresponds to a uni-direc-
tional tow under longitudinal loading only, switches to the
degraded curve, which is for a tow subjected to multi-axial loading.
The mechanism of dynamic ﬁbre failure by instantaneous pullout
deactivation will, for brevity, be referred to as catastrophic/brit-
tle/dynamic ﬁbre failure.ε22
ε22
Fibre matrix 
debonding and/o
matrix cracking
(d) 
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ε22(a) 
ε22
Fig. 4. Schematic drawings of: (a) a uni-directional tow under transverse straining; (b
corresponding damage modes.The variation of transverse, shear and axial tow properties with
tow axial strain are all assumed to immediately drop to zero at fail-
ure. The most dominant of these is the axial tow properties which
are assumed to follow the dynamic ﬁbre failure by instantaneous
pullout deactivation mechanism due to Blacklock and Hayhurst
(in press). The dynamic nature of the failure results in a brittle re-
sponse that is consonant with experimentally observed behaviour
(Sheikh et al., 2009). However, the variation of transverse, and
shear properties may not immediately drop to zero at failure;
and indeed there may be some interactions with other modes of
failure. But in the absence of more detailed experimental observa-
tion the worst condition of brittle failure has been assumed. These
conditions will be most closely satisﬁed when the variation of
transverse, and shear properties drop immediately to zero at fail-
ure, and there are no interactions between the failure mechanisms.
In the following section, the ﬁnite element formulation of the
problem will be addressed.3. Formulation of the ﬁnite element model
A uni-directional tow or lamina is chosen to be the basic con-
stituent in the ﬁnite element model, and therefore an entire tow
or a lamina, which consists of thousands of ﬁbres embedded in ma-
trix, can be represented by a single 8-node solid ﬁnite element
(Fig. 7). The material properties are assumed to be multi-linear
elastic and the stress–strain and Poisson’s ratios–strain curves
shown in Figs. 2, 4 and 5 are used in the constitutive equations.
The ﬁnite element package ABAQUS (SIMULIA, 2006) with a user-
deﬁned subroutine UMAT is used to carried out the simulation.
This method has the beneﬁt of being able to model a tow by a sin-
gle ﬁnite element with orthotropic properties. The approach has
the advantage of simplicity relative to the binary system of model-
ling (Cox et al., 1994), since it has only one component; and, unlike
the binary method, does not suffer from the difﬁculties associated
with the identiﬁcation of medium properties.A C 
B 
σ22
(b) 
ε22
A C 
B 
ν21
(c) 
ε22
r 
) and (c) transverse stress–strain and Poisson’s ratio curves; and (d) schematic of
A C 
B 
σ23
(b) 
ε23
Fibre matrix 
debonding and/or 
matrix cracking
(c) 
ε23
ε23
ε23
ε23
2 
1 
3 
(a) 
ε23
Fig. 5. Schematic drawings of: (a) a uni-directional tow under shear straining; (b)
shear stress–strain curve; and (c) corresponding damage modes.
Total loss of strength at 
strain, εwd, corresponding 
to N/NT = 0.5 
(a) 
Co
m
po
sit
e 
St
re
ss
, (σ
33
) ∞
(M
Pa
) 
Composite Strain, (ε
 33)∞ (%) 
Degraded curve
Original Curve 
(b) 
εwd
0
50
100
150
200
250
 
Co
m
po
sit
e 
St
re
ss
,  
( σ
33
) ∞
(M
Pa
)
0
0.2
0.4
0.6
0.8
1
N/
N T
0
50
100
150
200
250
0 0.2 0.4 0.6 0.8
Fig. 6. Material properties for a C/C composite: (a) stress–strain curve of a uni-
directional tow under longitudinal loading and variation of normalised number of
wake debonded blocks N/NT with composite strain (e33)1; and (b) stress–strain
curve of a uni-directional tow under multi-axial loading. (Blacklock and Hayhurst,
in press).
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A heterogeneous uni-directional tow or lamina is homogenised
to a single block (Fig. 7), which has the same overall dimensions
and equivalent orthotropic material properties. There are nine
independent material properties:
Young’s moduli: E3, E2, and E1;
Poisson’s ratios: m31,m32, and m12;
Shear moduli: G12, G23, and G13.This homogenisation procedure, which uses nine independent
materials parameters, is necessary to model the highly orthotropic
behaviour of the CMC tow (Yang and Cox, 2003).
3.2. Discretisation of the stress–strain curve and constitutive equations
In order to perform a ﬁnite element analysis, the non-linear lon-
gitudinal stress–strain relationship is discretised to a multi-linear
curve. The loading is imposed in terms of the displacement bound-
ary conditions, i.e. displacement controlled rather than load con-
trolled conditions are modelled. The applied displacement is
divided into many small increments. For each increment, the con-
stitutive equation for an orthotropic material is:
fDrg ¼ ½CðDeÞfDeg ð1Þ
where {Dr} is the stress increment vector, [C(De)] is the incremen-
tal stiffness matrix, and {De} is the strain increment vector. The der-
ivation and the explicit form of the equation can be found in
Appendix A.
The strain driven formulation was selected a priori since it is
well known that this formulation is the best for dealing with local
unloading problems. In this way all the problems associated with a
load-based formulation have been avoided. The approach has been
to maintain a level of simplicity that is commensurate with the
quality of data available for the materials under study. Isotropic
and kinematic hardening could have been used to model interfacial
ﬁbre–matrix sliding, however the difﬁculty would have been the
absence of good data, for the two materials under consideration,
required to calibrate these models.
3.3. Assumption made for the activation of catastrophic fracture
failure
To model the activation, under multi-axial loading, of dynamic
ﬁbre failure by instantaneous pullout deactivation, c.f. degraded
curve of Fig. 6b, two assumptions are made: (a) the switch from
the original stress–strain curve to the degraded curve is activated
by a small ﬁnite positive transverse stress, or by a small non-zero
shear stresses; and (b) as a consequence, the Poisson’s ratios, m31
and m32 start to decrease at the matrix cracking strain and fall to
zero at the wake debonding strain, ewd (Fig. 6a), as opposed to
the strain at peak load, D, on the curve of Fig. 2b for the uni-axially
strained tow. These assumptions are made based on the effects of
instantaneous ﬁbre pullout deactivation, which have been dis-
cussed in Section 2.4.
3.4. UMAT implementation in ABAQUS
The present model is implemented by using the ﬁnite element
package, ABAQUS/standard and a user deﬁned subroutine, UMAT.
The multi-axial elastic properties, the constitutive equations, and
the catastrophic failure activation are deﬁned in the UMAT. For
every increment, the UMAT reads the strains at each material point
and then assigns the corresponding Young’s moduli, Poisson’s ra-
tios and shear moduli. The constitutive equations are then used
to update the stress ﬁelds. Solution-dependent state variables,
STATEV, record different damage modes and control their interac-
tions. Automatic incrementation algorithms and increment redeﬁ-
nition variable, PNEWDT, are continuously updated to ensure that
the discretised points are located exactly at the end of the relevant
increments.
Nine state variables are used to record the respective damage
states associated with the nine material properties. The initial val-
ues of state variables, STATEV, are set to be 0. When the damage
state changes, i.e. transverse cracking, shear failure, or dynamic ﬁ-
bre failure occurs, their corresponding STATEV value is set to be 1.
A uni-directional tow or lamina Orthotropic Block (8-node brick element) 
Fig. 7. Homogenisation of a uni-directional tow or a uni-directional lamina to a single orthotropic block.
Fig. 8. Mesh of the unit cell of a (0/90)5 Nicalon/CAS laminate.
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are controlled by the dynamic ﬁbre failure. The main purpose of
using state variables here is to avoid the misuse of input material
properties, because sometimes local strains may decrease even
though the applied displacements increase. Once STATEV values
are equal to 1, the material properties become a very small ﬁnite
value, no matter what the local strains are.
In the UMAT, the material Jacobian matrix must be provided for
the mechanical constitutive model. Although an incorrect deﬁni-
tion of the material Jacobian affects only the convergence rate;
and, the results (if obtained) are unaffected (SIMULIA, 2006), the
Jacobian matrix must be deﬁned accurately if rapid convergence
is to be achieved for a non-linear analysis. An inaccurate Jacobian
matrix often leads to a computational failure due to solution diver-
gence. The details of the material Jacobian matrix used for the cur-
rent constitutive equation (Eq. (1)) are given in Appendix A.
3.5. Load path algorithm
Post-peak behaviour of composites and the associated loss of
uniqueness, can pose a problem. This leads to zones of composite
unloading with adjacent zones loading, whilst both zones are sub-
jected to increasing strain, hence compatibility can be satisﬁed
whilst equilibrium may be violated. The authors have developed
an approach that identiﬁes the load path within each tow that links
many ﬁnite elements, and ensures that lines of force have continu-
ity through the unit cell under consideration. Failure in one loca-
tion, within a tow, is automatically transmitted along the tow in
a way that ensures satisfaction of both compatibility and
equilibrium.
In order to model the catastrophic dynamic ﬁbre failure mech-
anism, load paths are introduced to the ﬁnite element method. A
load path consists of a series of elements which form a continuous
tow or lamina, e.g. the elements in a longitudinal tow or the ele-
ments in an orthogonal tow. It is assumed that:
(a) In a load path, once the local longitudinal strain of any inte-
gration point (master point) reaches 90% of the wake deb-
onding strain, ewd, the Poisson’s ratios, m31 and m32, of all
the other integration points (slave points) in this load pathdecrease proportionally with the reduction in the corre-
sponding variable at the master point. The Poisson’s ratios,
m31 and m32, of all the integration points reduce to zero when
the longitudinal strain of the master point reaches the wake
debonding strain, ewd.
(b) After that, elements in all load paths fail simultaneously and
all their stress components unload to zero. The unloading
slope is chosen to be as steep as possible, but consistent with
maintaining numerical stability.
Load paths are used to solve the numerical instabilities encoun-
tered on unloading as follows:
(1) The load paths are deﬁned using integration points within
adjacent ﬁnite elements.
(2) A scaling factor is deﬁned for each integration point that
guarantees the required unloading.
(3) The scaling factor is applied to all integration point points on
the loading path.
(4) The material properties at each loading point are individu-
ally determined.
(5) In this way equilibrium and compatibility are satisﬁed. i.e.
proportional unloading is guaranteed.
This algorithm is implemented in the UMAT by reading element
numbers in each load path stored in a data ﬁle.
3.6. Implementation of the incremental constitutive law
For each increment in the ﬁnite element analysis, the incremen-
tal constitutive law, Eq. (A.9), has been implemented using the fol-
lowing steps:
(1) Determine the nine material properties from the local
strains and the predeﬁned multi-linear curves.
(2) Identify the damage state and update the state variable,
STATEV. If the dynamic ﬁbre failure criterion is satisﬁed,
then the load path algorithm is activated.
(3) Update the stress increments using the incremental consti-
tutive equation (A.9).
(4) Update the material Jacobian matrix using equation (A.11).
4. Stress–strain response of 0/90 Nicalon/CAS laminates
In this section, the stress–strain response of a 0/90 Nicalon/
CAS laminate, c.f. Fig. 1a, under uni-axial straining along the 0 ﬁ-
bres is predicted by using a ﬁnite-element-based multi-linear elas-
tic orthotropic materials approach. The effects of the ﬁbre
waviness on the overall stress–strain curve of the laminate are
modelled. The material properties of a uni-directional Nicalon/
CAS lamina, deﬁned in Section 4.2, are used as input data to predict
(b) Bottom layer 
(c) Section in the 1-2 plane (d) Section in the 2-3 plane 
2 1 
3 
(a) Top layer 
Fig. 9. Fibre/tow waviness: schematic illustration of local ﬁbre/material orientations in the ﬁnite element model of the Nicalon/CAS unit cell. Misalignment angle is shown as
n = 7.
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between the present predictions and the experimental data.4.1. Modelling of waviness
Due to the periodic feature of a (0/90)5 Nicalon/CAS laminate,
a unit cell, which consists of one 0 ply and one 90 ply, is used to
represent the whole laminate. The dimensions of the Nicalon/CAS
unit cell are 2.5  2.5  0.4616 mm3 and its mesh is shown in
Fig. 8. A periodic boundary condition is applied to the unit cell to
simulate a uni-axial straining along the 0 ﬁbre direction (the three
direction in Fig. 8).
During manufacture of the ceramic matrix composites, some
degree of waviness in the alignment of the ﬁbres or tows is intro-
duced. The degree of waviness may be obtained from the micro-
graphs presented by Sheikh et al. (2009). To the knowledge of
the authors, this is the only information available in the literature,0
100
200
300
400
0.0 0.2 0.4 0.6 0.8 1.0
-1
-0.5
0
0.5
1
1.5
0
10
20
30
40
0 0.02 0.04 0.06 0.08 0.1
Original 
Degraded 
εwd
Lo
ng
itu
di
na
l s
tre
ss
, σ
33
 
(M
Pa
) 
Longitudinal strain, ε33 (%) 
(a) 
Tr
an
sv
er
se
 s
tr
es
s,
 σ
22
 
(M
Pa
) 
Transverse strain, ε22 (%) 
Smoothed 
Reference 
(c)
Yo
u
n
g;
s m
od
ul
us
, E
3 
(G
Pa
) 
E3 
Fig. 10. Material properties of Nicalon/CAS: (a) longitudinal stress–strain curve (b) throu
m32 and (d) longitudinal through-thickness shear stress–strain curve.and measurements will be taken from that source. The measured
misalignment angle, n, is in the range from 3 to 7 and the average
value is 5. Herein, the upper bound, 7, is used in the ﬁnite ele-
ment model to evaluate the effects of waviness on stiffness reduc-
tion. Both the in-plane and out-of-plane waviness is modelled in
the ﬁnite element analysis by assigning an associated local mate-
rial orientation to each individual element. Fig. 9 shows the ﬁbre
directions and their misalignment angles n = 7. Note the upper re-
gion of Fig. 9c and the lower region of Fig. 9d have been left blank
since ﬁbres run almost orthogonal to the page, and would therefore
be represented by an extremely short line.4.2. Material properties
The material properties of a Nicalon/CAS uni-directional lamina,
reported in Tang and Hayhurst (2009) are used in the current anal-
ysis. They deduced that the in-plane transverse matrix cracks are0
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Fig. 11. Comparison of predicted stress–strain curves for 0 and 7 waviness with
experimental data for a Nicalon–CAS (0/90)5 laminate.
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the Young’s modulus E1, shear moduli G12 and G13, and Poisson’s
ratio m12 are zero. The discretised longitudinal stress–strain curves
are shown in Fig. 10a, where the solid line is the original curve and
the broken line is the degraded curve due to the dynamic ﬁbre fail-
ure by instantaneous pullout deactivation. The variation with lon-
gitudinal strain of the two identical Poisson’s ratios, m31 and m32, are
shown in Fig. 10b. In Sections 2.2 and 2.3, the through-thickness
stress–strain curve and the longitudinal through-thickness shear
stress–strain curve are assumed to be linear elastic until failure.
However, in order to achieve a better numerical convergence, these
two curves, shown in Fig. 10c and d, are smoothed around the peak
of the reference curves, but the fracture energy covered by the ref-
erence curves and the corresponding smoothed curves are
identical.
4.3. Predictions
Using the developed ﬁnite element model and the material
properties shown in Fig. 10, two predictions are made for the
Nicalon/CAS composites. The difference between the two predic-
tions is the ﬁbre waviness: one has no waviness and the other
one has a n = 7 misalignment angle. Fig. 11 shows a comparison
between the predictions and the experimental data (Sheikh et al.,
2009). As can be seen from the ﬁgure, for either prediction, the
whole stress–strain curve is almost in between the two experi-
mental curves. The effect of waviness on the laminate stiffness is
shown in the ﬁgure, where the prediction of the no waviness
model is slightly higher than the prediction including waviness.
Another distinction between the predicted curves is that on theFig. 12. Mesh and geometry of the unit cell model of a plain weave DLR-XT composite: (
3-direction tows are dark shaded.curve for n = 7 waviness there is a small kink at about 0.2% com-
posite strain, where the longitudinal through-thickness shear fail-
ure occurs in the 0 layer.
It is worth noting at this point that the analysis essentially as-
sumes that the inter-laminar material properties are those of the
matrix; and, that this assumption is valid for the in-plane loading
condition considered.5. Mechanical behaviour of plane weave DLR-XT composites
In this section, the stress–strain response of a plain weave DLR-
XT composite, c.f. Fig. 1b, under uni-axial straining along the 0
tows is predicted. Effects of the tow waviness on the overall
stress–strain curve of the composite are modelled. The material
properties of a uni-directional DLR-XT tow are used as input data
to predict the overall mechanical behaviour of the composite.
Finally, a comparison is made between the predictions and the
experimental data.5.1. Formulation of the ﬁnite element Model
A methodology similar to that developed for the Nicalon/CAS
material is employed to create the unit cell model of a plain weave
DLR-XT composite. The only difference between two models is the
mesh and geometry, because the topology of the DLR-XT compos-
ite is much more complex due to the woven tows.
One important objective of this study is to develop an approach
which is capable of analysing large scale composites. This makes it
a very difﬁcult task to create a ﬁnite element model, which cap-
tures woven features of a tow yet uses a minimum number of ﬁnite
elements. The mesh and geometry of the DLR-XT unit cell model
shown in Fig. 12 is believed to be one of the optimal solutions.
The mesh for a single tow, consists of 12 elements: two 8-node
brick elements, six 6-node wedge elements, and four 4-node tetra-
hedral elements. The DLR-XT unit cell model is an assembly of four
tow models, which are bonded together through the fully con-
tacted interfaces.
Inevitably, the small number of elements is achieved with some
loss of accuracy. However, it is these features that make possible
the ﬁnite element analysis of large components. Yang and Cox
(2003) concluded that strains averaged over a gauge volume whose
linear dimensions are equal to or exceed half the cross-sectional
dimensions of a tow, are reasonably mesh independent. For the
present DLR-XT unit cell model, the majority of the elements
(83.4% by volume) are approximately equal to this gauge volume;
and, in addiction their strain distributions are rather uniform.
Hence, it is reasonable to use the local strain at an integration point
to predict different failure modes of the material. The ﬁdelity of thea) exploded view and (b) assembled view. 1-Direction tows have light shading, and
2966 D. Zhang, D.R. Hayhurst / International Journal of Solids and Structures 47 (2010) 2958–2969model will be assessed by using the experimental data in
Section 5.4.
5.2. Modelling of waviness
Waviness also exists in woven ceramic matrix composites, and
in fact it is more often signiﬁcantly more severe than that in con-
ventional laminates. The misalignment angle, n, in the DLR-XT1.005 
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Fig. 13. Tow waviness: schematic illustration of local material orientations in the
ﬁnite element model of the DLR-XT unit cell: (a) plan view of 1–3 plane and (b) side
elevationof2–3plane.Misalignmentangle is shownasn = 7, otherdimensions inmm.
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Fig. 14. Material properties of a uni-directional DLR-XT tow: (a) longitudinal stress–strain
shear stress–strain curves.material has been measured over a large region of available micro-
graphs, which are much bigger than the micrograph shown by
Sheikh et al. (2009). The misalignment angle of n = 7, has been
measured, and used to create the material orientation of the tows
in the ﬁnite element model. Fig. 13 shows the ﬁbre directions.
Apart from the ﬁbres, which are parallel to the edge, in the tetrahe-
dral elements in Fig. 13a, the ﬁbre misalignment angles in all other
elements are all n = 7, all other dimensions are in mm.5.3. Material properties
Blacklock and Hayhurst (2009, in press) reported the initial
elastic properties and multi-axial failure of DLR-XT ﬁbre tows.
The initial elastic properties were predicted based on a micro-
mechanical ﬁnite element analysis of representative volume ele-
ments from the constituent properties of ﬁbres and matrices. The
longitudinal stress–strain curve of uni-directional DLR-XT ﬁbre
tows under multi-axial loading were obtained using the physical
model of Hayhurst et al. (1991), Tang et al. (2009a) and the fracture
behaviour by dynamic ﬁbre failure mechanism by instantaneous
pullout deactivation due to Blacklock and Hayhurst (in press).
Unlike the material properties of Nicalon/CAS composites, in
which the initial Young’s modulus E1, shear moduli G12 and G13,
and Poisson’s ratio m12 are zero due to the instantaneously formed
matrix cracking, the elastic properties of DLR-XT material are not
zero because of the constraint to deformation of the matrix from
the woven tows; and therefore the matrix cracking cannot occur
on initial loading.
All the elastic properties used for the ﬁnite element model are
given in Fig. 14. The discretised longitudinal stress–strain curves
are shown in Fig. 14a, where the solid line is the original curve,
which is for a uni-direction tow under longitudinal straining only,
and the broken line is the degraded curve, which considers the dy-
namic ﬁbre failure at e33 = ewd. The variation of Poisson’s ratios,
m12,m31 and m32, with longitudinal strain are shown in Fig. 14b. Once
again, in order to achieve better convergence, the transverse and
shear stress–strain curves, shown in Fig. 14c and d, are smoothed0
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covered by the reference curves and the corresponding smoothed
around curves are exactly the same.
5.4. Predictions
Using the ﬁnite-element-based multi-linear elastic model and
the material properties in Fig. 14, two predictions are made for
the plain weave DLR-XT composites. The difference between the
two predictions is the tow waviness: one has no waviness and
the other has a misalignment angle of n = 7 as deﬁned in
Section 5.2. Fig. 15 shows a comparison between the predictions
and the experimental data (Sheikh et al., 2009). It can be seen from
the ﬁgure, the effects of towwaviness on the stiffness of the stress–
strain curves are signiﬁcant. The no waviness model n = 0 predicts
a higher stiffness, a higher failure stress, but a lower failure strain
than the waviness model with n = 7. In comparison with the
experimental data, only the prediction which considers the n = 7
waviness angle, correlates well with experimental data. This infers
that the effect of tow waviness in the woven composites on the
strength of the material, and on material fracture strain is signiﬁ-
cant. The same conclusion has been drawn from the binary model
of textile composites in Xu et al., 1995).
As for the analysis of Nicalon/CAS material, the calculations as-
sume that the inter-laminar/tow properties are those of the SiC
matrix; and hence it appears that this assumption is valid for in-
plane loading.6. Discussion and conclusions
A ﬁnite-element-based multi-linear elastic orthotropic materi-
als approach has been developed to predict the mechanical behav-
iour of ceramic matrix composites with strain-induced damage.
Firstly, the Poisson’s ratio is assumed to linearly degrade with
strain from the matrix crack strain to the strain associated with
peak load.
Secondly, the damage modes and elastic properties under
uni-axial loading and multi-axial loading conditions have been
introduced. The dynamic ﬁbre failure by instantaneous pullout
deactivation (Blacklock and Hayhurst, in press) is believed to be
responsible for the catastrophic failure of the composites.
Thirdly, the shear and transverse tow stress–strain behaviour
has been multi-linearised as shown in Figs. 10 and 14.
After that, a ﬁnite element model, which uses an orthotropic so-
lid element as a homogenised medium of a heterogeneous uni-
directional tow, has been developed. The non-linear longitudinal
material properties are discretised to a multi-linear elastic curve.The constitutive equations for orthotropic materials are used to
update the stresses for each increment of the analysis. The model
is implemented by a commercial FE package, ABAQUS with a user
deﬁned subroutine, UMAT.
Finally, the overall stress–strain response has been predicted for
a 0/90 Nicalon/CAS laminate and for a plain weave DLR-XT com-
posite. The dynamic ﬁbre failure mechanism and the effects of ﬁbre
waviness on material strength and stiffness have been modelled.
For the Nicalon/CAS model, transverse matrix cracking is assumed
to form instantaneously when the loading is applied. While for the
DLR-XT model, no matrix cracking has been considered in the
beginning of the loading due to the constraint from the woven
tows. For both materials, the predicted results have been compared
with experimental data and the predictions, when considering ﬁ-
bre waviness, are in good agreement with the experimental results.
For both materials the inter-laminar/tow properties have been
assumed to be those of the relevant matrix. The good quality of
predictions conﬁrms the appropriateness of this assumption for
in-plane loading of the composites.
The approach allows a composite unit cell to be modelled by a
small number of ﬁnite elements. The high efﬁciency and the sim-
plicity of the model make it possible to analyse large scale woven
composites. Applications of the model to real engineering compo-
nents will be pursued as future developments.
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EPSRC of Great Britain under Grant No: EP/D056276/1.Appendix A. Incremental constitutive equations and material
Jacobian matrix
For a linear elastic analysis, the constitutive equations for an
orthotropic material in terms of engineering material constants are
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where D ¼ ð1m12m21m23m32m13m312m21m32m13ÞE1E2E3 and mij ¼
Ei
Ej
mji (i, j = 1–3 and
i– j).
For a non-linear elastic analysis, the solution cannot be calcu-
lated by solving a single system of linear equations. Instead, the
whole analysis is divided into many small increments; and in each
increment, the analysis is approximated to that for a linear elastic
problem. The stress increment for a strain increment can be calcu-
lated by using the incremental constitutive equations. Then the ac-
tual stresses are updated by adding the stress increments to the
stresses at the end of the immediately previous increment.
In Eq. (A.1), all the elastic properties, Ei, mij, and Gij, are constant.
While the elastic properties used in the incremental constitutive
equations vary, and they are functions of the strain increment.
For an increment, Young’s moduli and Shear moduli are the tan-
gential slopes of their corresponding stress–strain curves, which
are denoted by E0i, and G
0
ij, respectively. Due to the multi-linear dis-
cretisation, any Young’s moduli and Shear moduli between two
adjacent discretised points remain constant. Therefore they can
be used directly in the incremental constitutive equation when
the increment is within two adjacent discretised points. For
Fig. A.1. Poisson’s ratios given in the coordinates of actual strains and incremental
strains.
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ing. In this situation, the Poisson’s ratios at the end of an increment
are used because they determine the stress state at the end of an
increment.
Poisson’s ratios, mij, are usually deﬁned by the actual strains.
However, for an incremental analysis, the initial state is the begin-
ning of a strain increment rather than the actual zero strain. Hence,
the incremental Poisson’s ratios, m0ij, in the incremental constitutive
equations has been calculated by the strain increment. Since the
Poisson’s ratios at the end of an increment are used, the relation-
ship between the incremental Poisson’s ratios, m0ij, and the actual
Poisson’s ratios, mij, at the end of an increment is derived as follows.
Fig. A.1 shows a linearly decreasing Poisson’s ratio in two coor-
dinates, where eii  mij is the coordinate of actual strain, and e0ii  m0ij
is the coordinate of incremental strain. In both coordinate systems,
the slope of the Poisson’s ratio-strain curve is ki. In the actual strain
coordinate, for strain increment, Deii, from ebgnii to e
end
ii , the corre-
sponding Poisson’s ratios change from mbgnij to m
end
ij . The following
relationships exist:
ebgnjj ¼ ebgnii mbgnij ; ðA:2Þ
eendjj ¼ eendii mendij ; ðA:3Þ
mendij ¼ mbgnij þ kiDeii: ðA:4Þ
In the incremental strain coordinate, for the same strain incre-
ment, Deii, from 0 to e0endii , the corresponding Poisson’s ratios vary
from 0 to m0endij . The Poisson’s ratios at the end of the increment
can be deﬁned as
m0endij ¼ 
e0endjj
e0endii
: ðA:5Þ
Since e0endii ¼ Deii, similarly e0endjj ¼ Dejj can be obtained. Substitution
of these expressions into equation (A.5) yields
m0endij ¼ 
Dejj
Deii
¼  e
end
jj  ebgnjj
Deii
: ðA:6Þ
On consideration of Eqs. (A.2) and (A.3), Eq. (A.6) becomes:
m0endij ¼
eendii mendij  ebgnii mbgnij
Deii
: ðA:7Þ
Substitution of eendii ¼ eendii þ Deii and Eq. (A.4) into Eq. (A.7) gives:
m0endij ¼ mbgnij þ kiðebgnii þ DeiiÞ ¼ mbgnij þ kieendii : ðA:8Þ
Finally, the incremental constitutive equations for an orthotropic
material in a multi-linear elastic analysis can be expressed explic-
itly as:Dr11
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where the primed values E0i; G
0
ij; m0ij refer to the local linearised
material properties, and
D ¼ ð1 m
0end
12 m0end21  m0end23 m0end32  m0end13 m0end31  2m0end21 m0end32 m0end13 Þ
E01E
0
2E
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3
and
m0ij ¼
E0i
E0j
m0ji ði; j ¼ 1 3 and i– jÞ;
or
fDrg ¼ ½CðDeÞfDeg: ðA:9bÞ
The material Jacobian matrix, which is required in the ABAQUS
user-deﬁned subroutine, UMAT, is deﬁned as @Dr/@De, where
dDr ¼ @Dr
@De
de: ðA:10Þ
Rapid convergence is strongly dependent on an accurate deter-
mination of the Jacobian matrix of the constitutive equation. If the
Jacobian is in error, then ABAQUS will automatically iterate more
times to determine the strain and stress increments which satisfy
both compatibles and equilibrium. However, the simulation may
terminate when the iteration time reaches the predeﬁned value,
without convergence being achieved. Hence the determination of
an accurate starting value is essential. It is achieved by differenti-
ation of Eq. (A.9)
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where
@CðDeÞ
@De
¼ @CðDeÞ
@m0ðDeÞ
@m0ðDeÞ
@De
¼
@C11ðDeÞ
@m0ðDeÞ
@m0 ðDeÞ
@De
@C12ðDeÞ
@m0ðDeÞ
@m0ðDeÞ
@De
@C13ðDeÞ
@m0 ðDeÞ
@m0ðDeÞ
@De 0 0 0
@C12ðDeÞ
@m0ðDeÞ
@m0 ðDeÞ
@De
@C22ðDeÞ
@m0ðDeÞ
@m0ðDeÞ
@De
@C23ðDeÞ
@m0 ðDeÞ
@m0ðDeÞ
@De 0 0 0
@C13ðDeÞ
@m0ðDeÞ
@m0 ðDeÞ
@De
@C23ðDeÞ
@m0ðDeÞ
@m0ðDeÞ
@De
@C33ðDeÞ
@m0 ðDeÞ
@m0ðDeÞ
@De 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
2
66666666664
3
77777777775References
Blacklock, M., Hayhurst, D.R., 2009. Initial elastic properties of ceramic matrix
composite ﬁbre tows. Research Report No. DMM. 09.07. School of Mechanical,
Aerospace and Civil Engineering, The University of Manchester, UK.
Blacklock, M., Hayhurst, D.R., in press. Multi-axial failure of ceramic matrix
composite ﬁbre tows. J. Appl. Mech.
Burr, A., Hild, F., Leckie, F.A., 1997. Continuum description of damage in ceramic-
matrix composites. Eur. J. Mech. A/Solids 16, 53–78.
Cox, B.N., Carter, W.C., Fleck, N.A., 1994. A binary model of textile composites – I.
Formulation. Acta Metall. Mater. 42, 3463–3479.
D. Zhang, D.R. Hayhurst / International Journal of Solids and Structures 47 (2010) 2958–2969 2969Dasgupta, A., Agarwal, R.K., 1992. Orthotropic thermal conductivity of plain-weave
fabric composites using a homogenization technique. J. Compos. Mater. 26,
2736–2758.
Evans, A.G., Naslain, R., 1995. High-temperature ceramic-matrix composites. Ceram.
Trans. 57, 381–388.
Harris, B., Habib, F.A., Cooke, R.G., 1992. Matrix cracking and the mechanical
behaviour of SiC–CAS composites. Proc. R. Soc. A 437, 109–131.
Hayhurst, D.R., Leckie, F.A., Evans, A., 1991. Component design-based model for
deformation and rupture of tough ﬁbre–reinforced ceramic matrix composites.
Proc. R. Soc. Lond. A 434, 369–381.
Ismar, H., Schroter, F., Streicher, F., 2000. Modeling and numerical simulation of the
mechanical behavior of woven SiC/SiC regarding a three-dimensional unit cell.
Comput. Mater. Sci. (19), 320–328.
Karandikar, P., Chou, T., 1993. Characterization and modelling of microcracking and
elastic moduli changes in Nicalon/CAS composites. Compos. Sci. Technol. 46,
253–263.
Kuhn, J.L., Charalambides, P.G., 1998. Elastic response of porous matrix plain weave
fabric composite: Part I – Modeling. J. Compos. Mater. 23 (16), 1426–1471.
Lubineau, G., Ladevèze, P., 2008. Construction of a micromechanics-based
intralaminar mesomodel, and illustrations in ABAQUS/Standard. Comput.
Mater. Sci. 43, 137–145.
Marshall, D.B., Cox, B.N., 2008. Integral textile ceramic structures. Annu. Rev. Mater.
Res. 38, 425–443.
McGlockton, M.A., Cox, B.N., McMeeking, R.M., 2003. A binary model of textile
composites: III high failure strain and work of fracture in 3D weaves. Acta
Metall. Mater. 51, 1516–1573.
Onal, L., Adanur, S., 2007. Modeling of elastic, thermal, and strength/failure analysis
of tow-dimensional woven composites – a review. Appl. Mech. Rev.: Trans.
ASME 60, 37–49.
Sheikh, M.A., Taylor, S.C., Hayhurst, D.R., Taylor, R., 2001. Microstructural ﬁnite
element modelling of a ceramic matrix composite to predict experimental
measurements of its macro thermal properties. Model. Simul. Mater. Sci. Eng. 9,
7–23.Sheikh, M.A., Taylor, S.C., Hayhurst, D.R., Taylor, R., 2009. Experimental
investigation of the effect of mechanical loading on thermal transport in
ceramic matrix composites. J. Multiscale Model. 1 (3 & 4), 403–432.
SIMULIA, 2006. ABAQUS user’s manual. Version 6.6. Providence, Rhode Island, US.
Tan, P., Tong, L., Steven, G.P., 1997. Modelling for predicting the mechanical
properties of textile composites – A review. Composites Part A 28A, 903–922.
Tan, P., Tong, L., Steven, G.P., 1999. Micromechanics models for the elastic constants
and failure strengths of plain weave composites. Compos. Struct. 47, 797–804.
Tang, C., Hayhurst, D.R. 2009. Predictions of thermo-mechanical behaviour of a
Nicalon–CAS 0–90 ceramic matrix composite from constituent materials
properties, DMM. 09.10. School of M.A.C.E, The University of Manchester, UK.
Tang, C., Blacklock, M., Hayhurst, D.R., 2009a. Uni-axial stress–strain response and
thermal conductivity degradation of ceramic matrix composite ﬁbre tows. Proc.
R. Soc. A 465, 2849–2876.
Tang, C., Sheikh, M.A., Hayhurst, D.R. 2009b. Finite element modelling of transverse
deformation in representative volume elements of ceramic matrix composites
(CMCs). Research Report No. DMM. 09.09, School of Mechanical, Aerospace and
Civil Engineering.
Tanov, R., Tabiei, A., 2001. Computationally efﬁcient micromechanical models for
woven fabric composite elastic moduli. J. Appl. Mech. 68, 553–560.
Woo, K., Whitcomb, J.D., 1997. Effects of ﬁber tow misalignment on the engineering
properties of plain weave textile composites. Compos. Struct. 37, 343–355.
Xu, J., Cox, B.N., McGlockton, M.A., Carter, W.C., 1995. A binary model of textile
composites – II. The elastic regime. Acta Metall. Mater. 43, 3511–3524.
Yang, Q., Cox, B., 2003. Spatially averaged local strain in textile composites via
the binary model formulation. J. Eng. Mater. Technol.: Trans. ASME 125,
418–425.
Zhang, Y., Harding, J., 1990. A numerical micromechanics analysis of the mechanical
properties of a plain weave composite. Comput. Struct. 36 (5), 839–844.
Zhang, D., Hayhurst, D.R., 2009. A ﬁnite element model to predict multi-axial stress
strain response of ceramic matrix composites with strain induced damage. In:
The 17th International Conference on Composite Materials, July 2009,
Edinburgh.
